Studies of the rock matrix acidizing for enhanced recovery of oil or gas have entirely focused on the 9 fully water saturated conditions. In fact, matrix acidizing can be conducted in low-water-cut oil-10 production wells without pre-flushing of water or in high water production by injecting gas or oil 11 ahead of the acid injection. These conditions yield a multiphase system, where the dynamics of acid 12 transport and reactions can be altered by the presence of an immiscible phase. Against this backdrop, 13
4 even more dissolution. Therefore there is a positive feedback from geochemistry on the development 77 and the extension of an eventual macroscopic channel. When fully developed, the wormholes 78 naturally offer the least resistance path to the flow, as conductivity in these is orders of magnitude 79 higher than in the unaltered or surrounding rock matrix (Liu et al., 2017) . Thus the enhanced recovery 80 can be achieved through the preferential pathways created (Lund et al., 1973) . (Da = 1) to wormholing (Da = 10 4 ) in a 3D modelling example (for generating this figure. the code 83 developed in this work has been applied for a single phase reactive transport problem, the 84 specification of the porous media is the same as (Panga et al., 2005) extended to three dimensions). 85
86
In contrast to carbonates, siliciclastic (sandstone) acidizing (using mud acid, a mixture of HF and 87 HCl) is challenging due to the fact that there are multiple stages of fluid reaction with the minerals in 88 the rock. While HF acid is used to dissolve the silicate minerals (clay, feldspar, and quartz), HCl 89 enhances the dissolving power of HF with minerals by maintaining a low pH value through removal 90 of carbonate minerals in the formation (Na et al., 2016) . Nevertheless, unlike carbonates, the 91 5 precipitation of fluorides, fluorosilicates, hydroxides, and amorphous silica caused by fluid-mineral 92 interactions can potentially reduce the reservoir permeability (Shafiq and Mahmud, 2017) . Finally, the 93 generation of wormholes in fracture acidizing treatments (or acid fracturing) ─ where acid is used to 94 keep the hydraulically generated fractures/cracks open by etching the faces of cracks after pressure is 95 released─ is deleterious (Hung et al., 1989) and should be avoided (Fredd, 2000) so that the acid 96 solutions do not find their way out of the targeted zone and contaminate groundwater resources. 97
The importance of wormhole development can also be highlighted in the geological sequestration of 98 carbon dioxide. The volume of CO 2 injected into geological formations can be significantly greater 99 than that of acid for well stimulation purposesup to hundreds of cubic meters for acid stimulation 100 vs. up to millions of cubic meters liquid CO 2 for industrial-scale CO 2 storage projects (Ott et al., 101 2013) . Additionally the challenges to predict wormholing are more critical in the context of CO 2 102 storage due to scale of the operation, uncertainty in CO 2 -fluid-rock interactions and multiphase 103 conditions. While acid injection for enhanced oil production takes place in the wellbore region only 104 (if contained successfully), CO 2 fate and transport are determined across vast saline aquifers or 105 depleted oil/gas reservoirs. The generation of wormholes in this context can jeopardise the safety and 106 security of storage by generating highly conductive pathways of CO 2 outside the targeted zone for 107 sequestration. 108
The formation of wormholes is an important phenomenon with significant positive and negative 109 implications. Its understanding and prediction are essential for economic viability, safety and success 110 of geoengineering operations such as acid injection operations and CO 2 storage. An area that has 111 received limited attention on aspects of wormhole generation is the impact of phase saturation on the 112 wormholing process. A 100% water-saturated or fully water-saturated (FWS) initial condition is the 113 least likely initial condition when acid is injected into an oil-producing well, nevertheless it is the 114 most common condition that has been used in laboratory studies of wormhole behaviour during 115 carbonate acidizing (Shukla et al., 2006) . Based on this assumption, the current numerical models of 116 acid injection only consider single phase conditions (a fully water saturated wellbore), which in 117 practice, near the wellbore, the porous media may contain pockets of immiscible oil or gas phases. As 118 6 such, the modelling of reactive transport of acid under these conditions is worthy of scientific 119 scrutiny. To the best knowledge of the authors, there is no published research focusing on 120 "modelling" two-phase wormhole development. Against this knowledge gap, this paper aims to 121 provide a better understanding of the effects of phase saturation on wormhole generation and 122 development. Previously Shukla et al., (2006) and Kumar et al., (2014) have shown that the presence 123 of an immiscible phase saturation prior to acid injection has significant impact on the efficacy of the 124 operation. To provide a theoretical basis, a formulation and numerical model for matrix acidizing 125 based on dimensional (Section 2) and dimensionless (Section 3) analyses for two-phase injection of 126 acid in reservoirs is presented. The model is specifically tailored to the calcite dissolution case in 127 Section 4, and by performing flow-regime analyses with respect to phase saturation status, the results 128 are compared with existing experimental findings on the impact of immiscible phase saturation on 129 wormholing processes in Section 5. 130
-Theoretical formulations 131
A two-scale (pore scale and Darcy scale) approach is adopted and extended here for the reactive 132 transport modelling of matrix acidizing in two-phase conditions. The model is based on an established 133 approach of single phase advective-dispersive-reactive transport (Panga et al., 2005; Maheshwari and 134 Balakotaiah, 2013; Liu et al., 2013; Ghommem et al., 2015) . This approach has been shown to 135 accurately capture the interplay of dissolution mechanisms that determines the critical rate (or Da-Pe 136 values) at which the wormholes are generated across the wellbore, leading to an optimal enhancement 137 of the permeability of the subsurface rock. The model incorporates the solid-liquid interaction 138 sequence: (1) diffusion of the liquid phase reactants to the immediate vicinity of the solid-liquid 139 interface, (2) reaction at the solid-liquid interface between the concentrations of reactant-product at 140 interface, (3) diffusion of the products away from the interface (Lund et al., 1973) . We extend the 141 single phase-based model to a two-phase flow formulation. The governing equation for phase flow, 142 assuming that Darcy's law is applicable, may be written as: 143
where  represents the porosity and t U is the total velocity of phases that is equal to ( wo  UU ). The total velocity is calculated from: 146
where t  is the total mobility, which is equal to sum of the mobility of water and oil phases (i.e. The mass conservation equation for the water phase flow can therefore be written as: 151
where, w S is the degree of saturation of the water phase and w w t f    is the fractional flow of the 152 water phase. The reactive transport of acid is described based on the mass conservation law as: 153
where, 
where  is the dissolving power of acid (grams of solid dissolved per mole of acid reacted) and s  is 182 the density of solid phase. 183
The variables in the Darcy scale model described above are the permeability tensor, the dispersion 184 tensor, the mass transfer coefficient and the interfacial area available for reaction per unit volume of 185 the medium. These variables are dependent on the pore structure. Structure-property relations are 186 used, which relate permeability, interfacial surface area available for reaction and average pore radius 187 to porosity (Wyllie and Gardner, 1958) : 188 Table 1 . 219 
Eq.14 Eq.14 states that the porosity change will impact the dimensionless velocity. The saturation and 225 concentration equations are changed to: 226 
Eq.17
The empirical equations are non-dimensionalized as: 229
Eq.20 We solve this equation using a finite difference two-point-flux-approximation scheme (TPFA) 232 described in (Babaei and King, 2012) . The base code for water-oil displacement with solute 233 concentration in injection fluid has been tested previously (Babaei and King, 2013) . Having solved for 234 the dimensionless pressure, the dimensionless flux is extracted from the pressure solution via Eq.13. 235
Next, the dimensionless saturation equation (Eq.15) is solved explicitly using an upstream weighting 236 scheme for flux across the interfaces. Finally, the dimensionless concentration equation (Eq.16) is 237 solved using operator splitting for advection, diffusion and reaction. We assume a domain in 2D. We use a uniform discretisation of 250 by 100 mesh corresponding to 0.2 274 cm⨯0.2 cm gridblocks. The variables required for modelling the case study are listed in Table 2 In summary, the boundary conditions applied can be summarised as: 285 , that 291 corresponds to flow in a packed bed of spheres (Panga et al., 2005) . This assumption can be relaxed if 292 information about pore morphology is available. The effect of reaction rate on the mass transfer 293 coefficient has been observed to be weak (Balakotaiah and West, 2002) , and the effect of the 294 convective mass transfer on acid consumption may not be significant because of the extremely low 295 interfacial area in the high porosity regions where convection is dominant (Panga et al., 2005) . 296 Therefore we assume 2 Sh  . 297
We assume Corey correlations of the relative permeability of oil and water, as in: 298 where, M is the mobility ratio (mobility of injection water divided by displaced oil). 303
In order to define rigorous criteria for wormhole generation detection we use the ratio of pressure 304 difference at any simulation time t over initial pressure ( 0 t pp ) as a measure of how effective 305 wormholes could reduce the pressure difference. If the dimensionless pressure drop ( 0 t pp ) has 306 become less than or equal to 0.01, we assume the wormholes are generated and have fully grown to 307 create superconductive flow paths so that the pressure difference has dropped to almost zero across 308 the domain. This criterion for PV BT has been used by (Kalia and Balakotaiah, 2007) To delineate the impact of phase saturation, we define a number of simulation cases with various 312 initial water saturations, Pe numbers (injecting with different 0 u ) and Da numbers (assuming different 313 k s values). The simulation cases are defined in Table 3 . 314 For the initial permeability ( 0 K ) we use a random distribution between 1 mD to 1000 mD (without 316 spatial correlation). The initial porosity ( 0  ) is also randomly distributed with the values of 0.2 ± 0.15 317 (random distribution between 0.05 and 0.35 with mean of 0.2). It is noted that the porosity is 318 uncorrelated with permeability. To generate random distribution we use a MATLAB utility function 319 rand. Further realistic distribution of porosity and permeability can be considered in the simulation 320 by performing core petrophysical analysis. For the current work, we use the most simplistic porosity-321 permeability distribution. 322 323 5 -Results and discussion 324 We start our analysis with simulation suite 1 and report the results by plotting 0 t pp  vs. initial 325 pore volume injected (PVI) (the pore volume before acid injection). As shown in Figure 4 , we observe 326 that a faster rate of decrease in 0 t pp  is observed for S w = 0.5 for all the Da numbers which shows 327 the wormholes have been generated more effectively across the domain for S w = 0.5 than FWS. It can 328 be observed that there is an optimal Da number for PV BT when Pe= 2.5⨯10 3 , this value is around Da 329 = 1 to 10 for both FWS and S w =0.5 simulations. 330
The impact of the initially unsaturated domain on pressure reduction is significant for suboptimal Da 331 regimes (smaller or larger than the optimal value). At the optimal Da regime of Da = 10, there is 332 approximately 1.0 PVI (from 3.8 to 2.84) less required amount of acid to have 0 t pp  = 0.01 by S w 333 = 0.5 than FWS. This decrease corresponds to approximately a 25% reduction in the PVI required for 334 breakthrough. These results have been observed experimentally by (Shukla et al., 2006) , for the case 335 of the presence of an immiscible gas saturation (nitrogen-saturated with residual water saturation). 336
The presence of an immiscible phase can reduce the fluid loss from the main wormhole, thus allowing 337 for deeper penetration of wormholes with a given acid volume (Shukla et al., 2006) . The results are not shown here, however, we have simulated the cases with Da = 10,000 and Da = 363 30,000 with 2 orders of magnitudes smaller dimensionless time-steps (because of the strong reactions) 364 than what is used for the simulation results of this study (dt*=0.01) and both conical and face 365 dissolution regimes were recorded. These regimes however are suboptimal for wormholing and do not 366 change the conclusions regarding the impact of unsaturated porous media on the wormholing process. 367
The speed of wormholes propagation is enhanced by presence of an immiscible phase, so that, for 368 example, for Da = 100, it takes 4.72 PVI for S w = 0.5 to reach Wormholes are thinner and significantly less branched for two-phase conditions. One reason is that 382 for the case of two-phase conditions, Shukla et al., (2006) reduced the water content to residual water 383 saturation by the injection of nitrogen, whereas in our numerical modelling we have kept 50% water 384 in the domain. Therefore there is 1/2 to 1/3 less acid required for two-phase conditions in Shukla et 385 al., (2006) experiments than when acid was injected without gas. The difference also can be attributed 386 to the difference is the size of the samples used in our model and also on the criteria used to define 387 PV BT . Shukla et al., (2006) used a core sample of 15.24 cm long, while as our model was 50 cm long. 388
Additionally the core sample used by Shukla et al., (2006) is homogeneous (Texas Cream chalk: no 389 vugs or fractures, composed of greater than 99% CaCO 3 , K = 6 mD and ϕ = 28%). Therefore the 390 23 wormhole generation is not enhanced by rock heterogeneity and impact of phase saturation is more 391 pronounced. 392 We observe changes in the order of Da regimes in generating effective wormholes compared to Pe = 396 2.5⨯10 3 . By increase in Pe numbers, the optimal Da number has shifted to a range of Da values of 397 approximately 100 to 500. This is in agreement with experimental results and observations in which 398 for higher Pe numbers (injection rates), higher Da numbers (stronger acids) are required (Fredd and 399 Fogler, 1998a) . At this higher injection rate, the flow channels have become more ramified, as fluid is 400 forced into smaller pores. configurations and patterns between the two. While in both simulation suites, the pressure gradient 406 has been effectively reduced (from 3.83 to 3.17, equivalent to ~17% decrease) with almost the same 407 PV BT of suite 1, Figure 8 shows wider but less porosity-enhanced wormholes across the domain. In 408 practice, only if we define criteria of wormholing based on the visual characteristics of the wormholes 409 (width, average porosity within the wormholes and its branching), can we distinguish the actual 410 optimal condition of wormhole generation (Pe = 2.5⨯10 3 vs. Pe = 2.5⨯10 5 ). 411
We repeat the analysis of pressure gradient reduction for lower mobility ratios, where the mobility of 412 water is equal to or less than the mobility of oil. Under the conditions M < 1, we should expect that 413 the reduced mobility of water will undermine the development and growth of wormholes, since the 414 water phase is less mobile. To investigate this, in Figure 9 for mobility ratio of M = 1, we show the 415 relative pressure reduction profiles. The results indicate that despite the fact that the mobilities of oil 416 and water are equal, the initial phase saturation is affecting PV BT . The difference between PV BT for 417 Da = 0.1, 1 and 10 is large and the difference decreases for Da = 100 (the optimal Da). The overall 418 impact of phase saturation is positive for PV BT and for the optimal case, PV BT has reduced from 3.87 419 to 3.63 (~ 6% decrease). For mobility ratios of M = 0.1 (i.e., the mobility of water is less than that of the oil and its flow is 429 piston like) in Figure 10 , we observe that in presence of initial-oil-in-place saturation, the pressure is 430 initially built up due to resistance of water to flow and later the pressure is released. For several 431 suboptimal Da numbers (Da = 0.1, 1 and 10), PV BT is increased due to presence of initial oil 432 saturation. This can be attributed to a lower mobility of water that is rendering water incapable of 433 breaking through in a non-ideal uniform dissolution pattern. The combination of a piston-like 434 displacement of water and uniform dissolution has generated an adverse condition for the acid to 435 27 breakthrough. However, interestingly by approaching to the optimal Da of 100, when the wormholes 436 are generated, we observe that PV BT is reduced from 3.81 to 3.59 (~6% decrease). As a result, there 437 are cross-over points in time that the adverse effects of mobility are compensated by the underlying 438 physical mobile-immobile partitioning that we discussed earlier. Kumar et al., (2014) , that compared with a sample that is initially fully water-446 saturated, immiscible presence of oil or gas injection prior to acid injection reduces the acid volume 447 needed to propagate the wormholes. Our study shows that the reduction varies between 6% to 25% 448 depending on the mobility ratio and Péclet number. Moreover, the wormholes are less branched in the 449 presence of an immiscible phase saturation. The study highlights that different mobility ratios, 450 different initial phase saturation across the domain and different relative permeability curves need to 451 be analysed and simulated for an optimised and efficient matrix acidizing process. A dynamic profile 452 of variations in mobility ratio across the domain can depict how the loss of water phase mobility due 453 to the buffering oil clusters; can lead to faster wormhole generation. The results indicate that a 454 description of the underlying physical reason behind the faster development of wormholes requires an 455 in-depth analysis of pore space partitioning (mobile-immobile zonation) under two-phase condition. 456
The case study was limited to calcite dissolution since its formulation has been developed more 457 extensively in literature than e.g. the dissolution of sandstones (quartz and silicates) by hydrofluoric 458 acid (4HF + SiO 2 → SiF 4 + 2H 2 O) or mud acid. As detailed in a recent study by Shafiq and Mahmud 459 (2017), a multiple network of reactions occur for sandstone acidizing and as such a more rigorous 460 coupling of geochemistry with flow processes is required. Notwithstanding the fact that, subsurface 461
